Dynamic Modeling and Simulation
of a Yaw-Angle Quadruped
Maneuvering With a Planar
Robotic Tail

deformation along the structure’s length and the ability to exhibit
multiple mode shapes.
This paper analyzes and compares the effect of inertial loading
generated by planar tail structures ranging from 1DOF to 6DOF
on the resulting net quadruped yaw rotation. In addition, it also
studies the impact of various trajectory parameters on the quadruped’s net rotation.
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This section presents the mathematical model for the six tail
structures and quadruped, including system kinematics and
dynamics.
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This paper analyzes the impact a planar robotic tail can have on
the yaw-angle maneuvering of a quadruped robot. Tail structures
ranging from a one degree-of-freedom (1DOF) pendulum to a
6DOF serpentine robot are simulated, along with a quadruped
model that accounts for ground contact friction. Tail trajectory
generation using split-cycle frequency modulation is used to
improve net quadruped rotation due to the tail’s motion. Numerical results from the tail and quadruped models analyze the impact
of trajectory factors and tail structure on the net quadruped rotation. Results emphasize the importance of both tangential and
centripetal tail loading for tail trajectory planning and show the
benefit of a multi-DOF tail. [DOI: 10.1115/1.4033103]

1

Introduction and Background

In nature, animals’ tails aid in both maneuvering and stabilization. In terms of maneuvering, tails are used by cheetahs to turn
while running [1], geckos to reorient while jumping [2], and alligators to assist in rolling while attacking prey [3]. In terms of stabilization, tails are used by house cats to maintain balance [4],
kangaroos as a fifth leg while running [5], and monkeys to aid in
climbing [6]. Based on these observations, robotics researchers
have attempted to imitate these structures onboard robotic
systems.
The primary focus of robotics research into tail-like structures
has been implementing single-DOF pendulums for a specific function: pitch control in legged [2,7], wheeled [8] and jumping
[9–11] robots, actuating walking [12] and climbing [13], yawangle turning [14,15], rapid acceleration/deceleration [16], and
stabilizing disturbances [17,18]. Multi-DOF tail research has been
more limited [19].
Likewise, the field of hyper-redundant robotics, including both
serpentine [20,21] and continuum [22,23] robots, exhibits structures that are inherently similar to biological tails with
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Mathematical Model

2.1 Quadruped and Tail Kinematics. Six tail structures,
illustrated in Fig. 1(a), are considered to study the impact of tail
structure (i.e., pendulum versus serpentine) on performance.
Figure 1(b) illustrates the 6DOF tail mounted on the quadruped
model considered in this analysis. Initially, a flywheel structure
was also considered, but preliminary simulations showed a significant reduction in performance compared to pendulum structures.
This is because the flywheel’s applied loading is purely a
moment—no inertial forces are generated. As a result, the applied
loading with respect to the system COM is constant regardless of
where the flywheel is placed; the flywheel’s positioning only
impacts the body-fixed position of the net system COM.
Figure 2 illustrates the model variables and reference frames
for the kinematic analysis, with a two-link tail shown. Model variables are the three planar quadruped DOF (translations x and y,
rotation u) and n tail joint angles hi, i ¼ {1,…, n} between link
i  1 and i (the quadruped is considered link 0). Relative to the
ground frame xyz, the quadruped orientation RQ and tail base orientation RB are defined in Eq. (1), along with the tail link orientations RBT;i relative to RB (vectors/matrices defined with respect to
RB are labeled with a B superscript), where RZ(c) denotes a Z-axis
rotation matrix for angle c:
(

RQ ¼ RZ ðuÞ;
RB ¼ RQ RZ ð180 degÞ;

RBT;i ¼

RZ ðhi Þ;
RBT;i1 RZ ðhi Þ

i¼1
i>1

(1)

The positions of the quadruped pQ and tail base pB are defined
in Eq. (2), where dQ2B is the distance from the quad COM to the
tail base. The positions from the tail base to the tail’s joint i (pBJ;i )
and link i COM (pBL;i ) are defined in Eq. (3), where LL is the distance between joints on a link. The angular velocities of the quad
relative to ground (xQ) and tail links relative to RB (xBT;i ) are
defined in Eq. (4), where b_ denotes the time derivative of b:

T
(2)
pQ ¼ x y 0 ; pB ¼ pQ  dQ2B RQ x

Fig. 1 (a) One-through 6DOF tail structures and (b) 6DOF tail
mounted to quadruped
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(
pBJ;i

¼

0;
pBJ;i þ LL RBT;i1 x;

_ Q z; xBT;i ¼
xQ ¼ uR

i¼1
i>1

pBL;i ¼ pBJ;i þ 0:5LL RBT;i x

and pC2Q and pC2L,i are defined in Eq. (12). The net tail loading
(FT and Mz,T) is due to the base loading FB and MB, as shown in
Eq. (13):

(3)

8
< h_ i RBT;i z;

i¼1

: xB
_ B
T;i1 þ h i RT;i z;

i>1

m ¼ mQ þ
(4)
pCOM ¼

n
X
mL;i ;

i¼1
!
n

 
X
B
mQ pQ þ
mL;i pB þ RB pL;i
m

(10)

i¼1

Angular accelerations aQ and aBT;i may be calculated by taking the
first-time derivative of Eq. (4). Linear velocities vBJ;i and vBL;i , and
linear accelerations aBJ;i and aBL;i may be calculated by taking the
first- and second-time-derivatives of Eq. (3).
2.2 Tail Dynamics. It is assumed that there is an actuation
mechanism onboard the tail to generate the desired tail motion
and the actuation’s effect on the tail is entirely captured in the tail
inertia. A recursive approach is used to calculate the joint forces
FJ,i and moments MJ,i to formulate the base tail loading. Calculating from the link n to link 1, Eqs. (5) and (6) define FJ,i and MJ,i
using the Newton–Euler equations, where mL,i is the link i mass,
Izz,L,i is the link i z-axis moment of inertia, pL2J,i,j is defined in
Eq. (7), and the notation p~F denotes the cross product p  F.
The tail loading on the quad at the base (FB and MB) is defined in
Eq. (8):
(
mL;i aBL;i ;
i¼n
B
FJ;i ¼
(5)
FBJ;iþ1 þ mL;i aBL;i ; i < n
(
Izz;L;i aBT;i  p~BL2J;i;i FBJ;i ;
i¼n
B
M J;i ¼
M BJ;iþ1 þ Izz;L;i aBT;i þ p~BL2J;i;iþ1 FBJ;iþ1  p~BL2J;i;i FBJ;i ; i < n
(6)
pBL2J;i;j

¼

pBJ;j



pBL;i

FB ¼ RB FBJ;1 ; M B ¼ RB MBJ;1

(7)
(8)

n 

2 X

2 
Izz;L;i þ mL;i pC2L;i 
Izz ¼ Izz;Q þ mQ pC2Q  þ

pC2L;i ¼ pB þ RB pBL;i  pCOM

(12)

FT ¼ FB ; Mz;T ¼ z  M B þ z  ðp~B  p~COM ÞFB

(13)

pC2Q ¼ pQ  pCOM ;

The friction loading (FF and Mz,F) is simulated using a stiction
model to represent the static and dynamic friction effects. This
friction resists both linear (vQ, derivative of Eq. (2)) and rotational
_ quadruped velocities. The maximum friction force FF,max and
(u)
moment Mz,F,max magnitudes are calculated in Eq. (14), where ls
and ld are the static and dynamic coefficients of friction, respectively, g is gravitational acceleration, and LF is the effective friction moment arm:
(
(
ls mg; kvQ k ¼ 0
ls mgLF ; u_ ¼ 0
; Mz;F;max ¼
FF;max ¼
ld mg; kvQ k 6¼ 0
ld mgLF ; u_ 6¼ 0
(14)
Two variables control the friction loading for translation and rotation: contact velocity and tail loading (vQ and FT for translation;
u_ and Mz,T for rotation). Equations (15) and (16) define FF and
^ ¼ X=kXk for vectors and x^ ¼ x=jxj for scalars:
Mz,F, where X
8
>
F
kvQ k ¼ 0; kFT k < FF;max
>
< T
^
FF ¼ FF;max F T kvQ k ¼ 0; kFT k  FF;max
(15)
>
>
:F
v^
kv k 6¼ 0
F;max Q

2.3 Quadruped Dynamics. The quadruped’s governing
equations are defined in Eq. (9), where m is the system mass, Izz is
the system z-axis inertia, aCOM is the system COM acceleration,
FT and Mz,T are the net tail loading, and FF and Mz,F are the foot
contact friction loading:
maCOM ¼ FT þ FF ;

€ ¼ Mz;T þ Mz;F
Izz u

(9)

(11)

i¼1

Mz;F

Q

8
Mz;T
>
_ ¼ 0; jMz;T j < FF;max
juj
>
<
^ z;T juj
_ ¼ 0; jMz;T j  FF;max
¼ MF;max M
>
>
:
_ 6¼ 0
juj
MF;max u^_

(16)

The system mass m and center-of-mass position pCOM are calculated using Eq. (10), where mQ is the quadruped’s mass; aCOM is
calculated by differentiating pCOM twice, Izz is calculated using
Eq. (11), where Izz,Q is the quadruped’s z-axis inertia at its COM,

In order to calculate LF, a model for the quadruped’s contact force
distribution among its feet is needed. Figure 3 illustrates a topview schematic of the quad, showing the four points (1–4) at
which the feet contact the ground. The positions pF,i of the feet
relative to the system COM are defined in Eq. (17), where pQ
Q2C is

Fig. 2
quad

Fig. 3 Foot contact forces and friction moment effective length
calculation parameters

Reference frames and coordinates for 2DOF tail and
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the position of the quadruped centroid relative to the quadruped
COM, and lF and wF are the x- and y-axis separation of the feet.
The friction forces fF,i generated in response to Mz,T lead to a
moment relative to the system COM for which the magnitude may
be represented by lmgLF, shown in Eq. (18), which captures the
geometric properties of pF,i and fF,i in LF. This leads to Eq. (19),
where fC,i is the fraction of system weight supported at foot i. The
Appendix presents the model used to calculate fC,i:


pF;i ¼ pQ þ RQ pQ
Q2C þ xF;i x þ yF;i y  pCOM
(
(
i ¼ f1; 2g
0:5lF
0:5wF
; yF;i ¼
xF;i ¼
0:5lF i ¼ f3; 4g
0:5wF

i ¼ f1; 4g
i ¼ f2; 3g
(17)

4
X

k~
p F;i f F;i k ¼ lmgLF

(18)

i¼1

LF ¼

4
X

fC;i kpF;i k

(19)

i¼1

3

Numerical Modeling and Trajectory Planning

This section describes how the mathematical model is implemented in Simulink, defines an additional multibody dynamics
system model, and presents the method used to calculate the tail
joint angle trajectories.



step functions: a half-step from 0 to ls over the
 range 0; h_ s , and
a full-step from ls to ld over the range h_ s ; h_ d .
The quad structure design is implemented in SOLIDWORKS, and
exported to ADAMS. The quadruped’s leg joints (hip, knee, and
ankle) are fixed during the simulation. The tail trajectory is generated in a MATLAB script and imported to ADAMS as a spline of the
tail’s angular velocity. This prescribed angular velocity profile is
applied to the tail with the appropriate initial angle condition.
3.3 Trajectory Planning. With the stiction model, static friction can be considered a high-pass filter for tail loading—if FT or
Mz,T cannot overcome static friction, the system will not translate
or rotate, respectively. Therefore, if the loading direction causing
undesired rotation can be minimized, tail performance can be
improved.
For motion between two stationary tail positions, the integral of
the joint acceleration is zero. However, by changing the relative
time over which acceleration and deceleration occur, their relative
magnitudes may be altered. Previous research has utilized splitcycle frequency modulation [24] to control micro air vehicles by
prescribing different wing velocities for up and down flaps. This
approach may be adapted for acceleration/deceleration of robotic
tails.
Figure 5 illustrates an example of the joint angular acceleration
profile defined in Eq. (20), with a shorter acceleration duration
Da ¼ t1  t0 and a longer deceleration duration Dd ¼ t2  t1.
Equation (21) shows the parameterization of Da and Dd by the
total period DT and split-cycle parameter wss ranging from 0 to 1
(
€h ¼

3.1 Simulink Implementation. Simulink was chosen to
implement the system model because of the stiction model
requirements. For the rotational stiction model, if u_ would change
sign, it is instead set to zero to trigger static friction. The Integrator block in Simulink has a “state port” option that allows precalculation of u_ to check if it would change sign. If it would, the
model sets the integrator output to zero instead.
3.2 Multibody Dynamics System Model. In addition to the
Simulink model, a multibody dynamics model implemented in
MSC ADAMS is also generated to compare results. The ADAMS
model utilizes the computer-aided design geometry (Fig. 1(b))
and mass properties of the quad and tail models used to generate
the simulation parameters (Sec. 4.1). Tail joint angle trajectories
are prescribed, contact friction models are included at the four
feet, and the resulting quadruped motion is calculated.
A key difference between the Simulink and ADAMS models is
the friction implementation. In the Simulink model, a “pure” stiction model is implemented, for which loading must overcome
static friction before motion begins. However, in the ADAMS
model, a variable coefficient of friction depending on the contact
velocity between the foot and ground is used, as shown in Fig. 4.
Instead of a discontinuity, the friction coefficient uses continuous

Fig. 4 Friction coefficient profiles for stiction (Simulink) and
continuous (ADAMS) models
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A sin pðt  t0 Þ=Da ;
B sin pðt  t1 Þ=Dd ;

DT ¼ t2  t0 ;

Da ¼ wss DT;

t0  t  t1
t1 < t  t2

(20)

Dd ¼ DT  Da

(21)

Boundary conditions for the tail trajectory are defined in
Eq. (22), where h0 is the initial angle and Dh is the tail’s angular
displacement. Integrating Eq. (20) using Eq. (22), expressions for
A and B are found, shown in the following equation:
hðt0 Þ ¼ h0 ;
ADa ¼ BDd ;

4

hðt2 Þ ¼ h0 þ Dh;
A¼

pDh
wss ðDT Þ

2

;

h_ ðt0 Þ ¼ h_ ðt2 Þ ¼ 0
B¼

pDh
2

ð1  wss ÞðDT Þ

(22)
(23)

Case Studies

This section defines the simulation parameters, compares the
mathematical and multibody dynamics models, and utilizes the
mathematical model to study the impact of tail structure and trajectory on the net quadruped rotation unet.
4.1 Simulation Parameters. The quadruped simulation
parameters (Table 1) are determined based on the generic quadruped structure shown in Fig. 1(b), with parts defined as aluminum,

Fig. 5 Split-cycle acceleration profile
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Table 1
mQ
dQ2B
lF
u_ s

Quadruped properties
Izz,Q
dQ2C
wF
u_ d

8.458 kg
0.125 m
0.3 m
0.05 rad/s

0.1916 kg/m2
 0.0155 m
0.26 m
0.5 rad/s

ld
ls

0.30
0.25

Table 2 Tail properties
n
1
2
3
4
5
6

Izz,L (kg/m2)

mL (kg)

2

2.236  10
3.469  103
1.268  103
6.521  104
4.022  104
2.743  104

2.40
1.20
0.80
0.60
0.48
0.40

Dh ¼ 30 deg for the 1DOF and 6DOF simulations, respectively,
with dQ2B ¼ 140.5.
Results are shown in Fig. 6. In both cases, the Simulink model
rotates less than the ADAMS model, due to the friction modeling.
In the ADAMS model, when u_ ¼ 0, lðu_ Þ ¼ 0, leading to zero
friction. This reduces the resistance to rotation in that model,
resulting in greater predicted rotation. As a result, the Simulink
model is a more conservative estimate for system rotation and
will be used in Secs. 4.3–4.7.

LL (m)
0.300
0.150
0.100
0.075
0.060
0.050

and estimates for the friction parameters. The tail simulation parameters (Table 2) are defined such that each tail is 300 mm long
and 2.4 kg in mass, with link quantity varying from one to six.

4.2 Model Comparison. The Simulink and ADAMS models
are compared to quantify their difference in simulating the quadruped system with tail. Two cases are considered: a 1DOF tail and
a 6DOF tail. Each simulation’s tail joint trajectory is defined by
DT ¼ 0.25, h0 ¼ 0 deg and wss ¼ 0.25 with Dh ¼ 90 deg and

4.3 Loading Analysis. For a trajectory defined by DT ¼ 0.25,
Dh ¼ 90 deg, h0 ¼ 0 deg, and wss ¼ 0.25 using the 1DOF tail
model, the resulting quadruped rotation trajectory u(t) is shown in
€ are shown in Fig.
Fig. 7(a). The associated Mz,T, Mz,F, and Izz u
7(b) and key phases of these trajectories are denoted A–D.
€ after overcomDuring A, Mz,T is positive, leading to positive u
ing static friction with constant dynamic friction resistance. However, Mz,T dips below zero at the end of the phase due to the tail’s
centripetal force when €h is near zero. In B, Mz,T is negative, but u_
_
is positive. Mz,T and Mz,F both act in opposition to the positive u,
until it reaches zero at the end of B. At the beginning of C, u_
becomes negative when Mz,T overcomes static Mz,F. During D,
Mz,T is zero, but Mz,F opposes the negative u_ until u_ ¼ 0.
4.4 Actuation Effectiveness. The tail’s effectiveness in
transmitting loading to the quad is controlled by two parameters
for a given tail and quad: dQ2B and h. For the 1DOF tail, Eq. (24)
expands Eq. (13) to show Mz,T explicitly in terms of dQ2B and h:

Fig. 6 Comparison of Simulink and ADAMS model u trajectories for (a) 1DOF tail and (b)
6DOF tail

Fig. 7

(a) u trajectory and (b) associated tail, friction, and inertial moments for 1DOF tail
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mQ €
h þ Mz;T; tan þ Mz;T;cen
m
mQ mL
2
¼ Ieff h_ sh Ieff ¼
LL dQ2B
2m
(24)

Mz;T ¼  Izz;L þ 0:25mL L2L
Mz;T; tan ¼ Ieff €hch

Mz;T;cen

Mz,T consists of three terms: (1) the rotational moment (dQ2Band h-invariant), (2) the moment Mz,T,tan due to the tail’s tangential acceleration force, and (3) the moment Mz,T,cen due to the tail’s
centripetal force. Mz,T,tan and Mz,T,cen are linearly dependent on
dQ2B, implying that dQ2B should be maximized. In terms of joint
angle, within the range h  [90 deg, 90 deg], jMz,T,tanj is maxi€
mized at h ¼ 0, but jMz,T,cenj is maximized at h ¼ 690 deg. The u
contribution of these moments (i.e., Mz,T,tan/Izz and Mz,T,tan/Izz) is
shown in Fig. 8 for dQ2B ¼ 0.125 m, h_ ¼ 1 rad/s, and €h ¼ 1 rad/s2.
Therefore, joint acceleration matching the desired unet direction
should bias toward h ¼ 0 deg, and maximum joint velocities
should bias toward h ¼ 690 deg depending on the desired moment
direction.
Given this transmission dependence on h during motion, for a
prescribed tail acceleration profile, the initial angle h0 plays a
significant role. A tail trajectory defined by DT ¼ 0.25,
Dh ¼ 90 deg, and wss ¼ 0.25 with h0  [0 deg, 90 deg] and dQ2B 
[0, 0.15] m is prescribed. By varying h0, the joint velocity/acceleration profiles remain constant but are applied over different ranges
of h. Figure 9 shows the resulting unet rotations for these simulation parameters, where h0 and dQ2B are specified in 15 deg and
0.025 m increments.
As predicted, increasing dQ2B consistently increases unet due to
the increased length over which the tail forces are amplified. In
terms of initial angle, the trade-off between maximizing tangential
effects (lower h0) and centripetal effects (higher h0) biases slightly
in favor of centripetal effects, as evidenced by the maximum unet
primarily occurring when h0 ¼ 60 deg.
In addition, LF also changes as a function of dQ2B and h, as
shown in Fig. 10. However, maximum variation from the range’s
median is less than 3%, so changes in LF have minimal impact.
4.5 Split-Cycle Parameter Modification. A tail trajectory
defined by DT ¼ 0.25 s, Dh ¼ 90 deg, and h0 ¼ 45 deg with wss 
[0.1, 0.9] is used to analyze the impact of the split-cycle parameter. Figure 11 shows unet when wss is varied in 0.1 increments
from 0.1 to 0.9. As expected, lower wss correlates to a higher net
rotation. This is due to (1) the increased disparity between angular
acceleration magnitudes in the desired/undesired directions
(discussed in Sec. 3.3) and (2) the angular velocity bias in the
h > 0 range. Maximum velocity occurs at t ¼ wmodDT and
h(wmodDT) ¼ h0 þ wmodDh. Therefore, by lowering wss, the h associated with the maximum velocity increases, increasing the
desired moment due to centripetal forces according to Eq. (24).

Fig. 8

Fig. 9 Net u rotation for varying h0 and dQ2B

Fig. 10 LF for varying h and dQ2B

Fig. 11 Net u rotation for varying wss

4.6 Maximum Tail Velocity. Two factors influence a tail’s
maximum angular velocity for a fixed wss: Dh and DT. A tail trajectory defined by wss ¼ 0.25 and h0 ¼ 90 deg with DT  [0.1, 0.6]
and Dh  [60 deg, 180 deg] is used to analyze the impact of maximum tail velocity. Figure 12 illustrates the net u rotation when
DT and Dh are varied at 0.05 s and 30 deg increments. As
expected, as Dh increases and/or DT decreases, unet increases.

€
Comparison of (a) tangential and (b) centripetal contributions to u
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acceleration toward the tip disk and (2) the axial motion of the tail
segments when n > 1. After differentiating Eq. (4), it is obvious
that each link’s angular acceleration includes the acceleration of
its preceding links. The axial motion is due to the change in radial
distance between each link’s COM during the trajectory. For
example, for the 6DOF tail, when h ¼ 30 deg, the link 6 COM is
209.4 mm from the base frame, whereas when h ¼ 0 deg, the
COM is 275 mm from the base frame.

5

This paper has analyzed the effect a planar robotic tail’s design
and trajectory factors have on a quadruped’s yaw-angle steering.
A key goal of this paper has been to better understand, both qualitatively and quantitatively, how the design and use of tail-like
structures onboard mobile robot impacts its maneuverability. Significant results of the analysis include the demonstration of the
relatively equal importance of the tail’s centripetal and tangential
inertial force loading for trajectory planning (with centripetal
loading slightly more important), the benefit of split-cycle frequency modulation for controlling the relative magnitude of joint
acceleration, and the benefit of multi-DOF tail structures. This
work will aid both designing future tail-assisted mobile robots
(e.g., optimizing tail mounting location) and operating them (i.e.,
for a given design, finding the optimal trajectory for generating a
desired yaw rotation).

Fig. 12 Net u rotation for varying DT and Dh

Fig. 13 Comparison of net u rotation for constant maximum
tail velocity

The impact of the centripetal acceleration is observed when
considering the tradeoff between Dh and DT, if the tail’s maximum velocity (2Dh/DT) is held constant. Figure 13 illustrates unet
for different values of Dh, with a correlated DT that results in
10.47 rad/s (600 deg/s) maximum velocity. The relative benefit of
the higher Dh primarily stems from the increased DT over which
the centripetal forces act during the tail motion.
4.7 Tail DOF. This section compares the performance of different tail configurations, ranging from 1DOF to 6DOF. A key
challenge in comparing tails with different DOFs is choosing joint
trajectories for each tail that allow a fair comparison.
To accomplish this, two constraints will be set on the tail trajectory: (1) the tail will move between the two extreme configurations for the given number of tail segments and (2) joint angle
trajectories will have the same maximum joint velocity. Equation
(25) defines the Dh associated moving the n-link tail tip clockwise
from the negative y-axis to the positive y-axis, and the DT necessary to prescribe the maximum joint velocity jh_ max j (10.47 rad/s
for these simulations):
Dh ¼ 360 deg=ðn þ 1Þ

DT ¼ 2Dh=jh_ max j

Conclusion

(25)

Figure 14 shows unet for an n-segment tail with trajectories
defined by DT and Dh from Eq. (25), h0 ¼ 0.5Dh, and wss ¼ 0.25.
The increase in unet with n is due to: (1) the compounded angular

5.1 Future Work. Future work will focus on full-scale
implementation and analysis of tail-like structures onboard mobile
robots. Various serpentine robotic structures that are capable of
spatial motion will be considered. Both “rigid-structure” (links
kinematically coupled by gears or cabling) and “elastic-structure”
(links mechanically coupled by springs) serpentine tails are under
consideration. Actuation for these serpentine tails will be cabling
routed along the length controlled by motors at the actuation base.
Control algorithms will be developed to enable the tail to perform
a variety of functions onboard the system, including both maneuvering (e.g., turning) and stabilizing (e.g., rejecting disturbance
loading and preventing tipping), with an emphasis on performing
these tasks during locomotion. Different sensing strategies will be
considered to measure the real-time performance of the tail and
enable feedback during use.
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Appendix: Foot Contact Forces
For a given pCOM, the model must calculate the contact force
distribution fC,i for the quadruped’s four feet. This distribution
should change continuously with pCOM, not result in negative contact forces, and satisfy the quadruped equilibrium conditions in
the following equation:
4
X
fC;i ¼ 1
i¼1

ð0:5lF  xÞðfC;1 þ fC;2 Þ ¼ ð0:5lF þ xÞðfC;3 þ fC;4 Þ
ð0:5wF  yÞðfC;1 þ fC;4 Þ ¼ ð0:5wF þ yÞðfC;2 þ fC;3 Þ

Fig. 14 Net u rotation for tails with varying DOF
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(A1)

To accomplish this, for a given pCOM, a position vector pQ
C2C is
found from the quad centroid to the system COM relative to RQ,
defined in Eq. (A2), where R0Q is the transpose of RQ and dQ2C is
the x-axis displacement from the quad COM to the quad centroid.
Using pQ
C2C , ellipse parameters a, b, and n may be found using
Eq. (A3) (a, b  0)
Transactions of the ASME
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0 
pQ
C2C ¼ RQ pCOM  pQ  dQ2C x

x e ¼ pQ
C2C  x;
xe ¼ a cos n;

ye ¼ pQ
C2C  y
ye ¼ b sin n; a=b ¼ lF =wF

(A2)
[9]

(A3)
[10]

Equation (A4) presents an empirically derived contact force formulation, with the associated coefficients in Eq. (A5). These coefficients were calculated by analyzing the static equilibrium at
n ¼ [0, 90, 180, 270] and fitting Eq. (A4) to match those points:
fC;i ðnÞ ¼ A þ B sin ðn þ Ci Þ
pﬃﬃﬃ
1
b 2
C1 ¼ 45 deg; C2 ¼ 135 deg;
;
A¼ ; B¼
C3 ¼ 225 deg; C4 ¼ 315 deg
4
2wF

[11]

[12]

(A4)
(A5)

[13]

This model meets the three requirements (continuous distribution,
non-negative contact forces, and static equilibrium) if b  0.5wF.
However, if b > 0.5wF, at least one of the contact force will be
negative. If this is the case, the negative contact force(s) should be
set to zero, and the remaining contact forces can be solved directly
from the static equilibrium conditions defined in Eq. (A1).

[14]
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